
Math 4550

Homework 6[Solutions
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H = < i) = [0 ,
+
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1cosets rightis
0 + H = 50,

4
,53

i + H = Ei ,
5

,] H + T = Ei ,
j, ]

I + H = Ez,
G

,
To] H + z = EZ,

E
,
To]

5 + H = 25
,
7 ,i] H +3 = [5

,
7 ,i]

The left and right cosets are the same.

The subgroup
It is normal.

~

+ H = H +2 5+ H = H +3

0 + H = H+ T+ H = H +T 2

G

E



3# Do = El M ~13
,

s
,

su
, Su

soH = (r2) = El ,
r23

= sr4
- k

Lightcosets

Hecost H = 51 ,
r2)

Hr = Er, r3]
rHt = Er

,
+2)

Is = Es,
ris] =Es, sozy = Es,

so
SH = Es ,

sr2]
Isr = Esr, risch = Esr, sir]

solt = Esr,
sr2]

= Esr, sr-Y = Esr, 58]

The left and right cosets are the same.

ThusIt is a normal subgroup
of Ds.

It rH = Hm S H = Is srH = Isr

/



Do = di , 0
,

22
,

r3
,

5
,

so
,

srcusy⑰

Lrs = srk

H =(s) = E1 , 5) = sr4
- k

-rightcostecose
rH = Er, rs] = Er, Soy = Er,

so]
Hr = Er,

sr3

r = Er? ris] = Er> Song = ErY say
Hr= Er? sh

r H =Gr rish = Er
,
su = Er, sub I

Hr= Er sr3]
-

The left and right cosets differ soIt is not normal.

Let's see the two partitions created

by drawing them .

partition
of Do·
of H



partition
of Do⑮right



②

Fromproblem I we got that

z/H = [0 + H
,

T+ H
,
z + H

,
- + H)

where

= + H = 50 ,
4 ,53 = 4 + H = 5 + H

i + It = ST
,
5 ,93 = 5 + H = 5 + H

i + H = GE,
5
j
Toy = J + H = To + H

5 + H = 55 ,
E

,
3 = E + H = π + H

The identity element is +H .

-

⑮
(2 + H) + (5 + H) = 5 + H =
Since C(T + H) + (5 + H) = π + H = 0 +H+ H is the

identity element

The
inverse of 5tH is T + H

.



&
(+ H) +(i + H) = z + H = 0 + H

(T + H) + (i + H) + (T+ H) = 5 + H = 0 + H

C(T+ H) + (T+ H) + (i+ H) + (i + H) = 4 + H = 5 + H = identityent

Thus
,

T+ I has order
4.

order of + H

-

2 + H = 0 + It

(2 + H) + (i + H) = 5 + H = 0 + H=int
,+H has order 2.

El
SinceER is abelian ,

from a problem in this

HW set
, <12/It is a belian

From part (c) we have that

< itH) = Si + H
,
I + H

,

3 + H
,
y + Hy =/H -

Thus
,

212/H is cyclic with TtH as a

generator-



⑮

⑪ From problem I we get that

Dj = [1 ,
r
,

r2
,

r3
,

s
,

sr
, srsr]

H = (r2) = El ,
r23

--leftcosts.= r2H

rHt = Er
,

r33 = r3H

SH = Es ,
sr2} = sr2H

solt = Esr,
sr3Y = sr3H

So ,

Po/H = &H ,
rH

,
SH

,
srH}

The identity element is H = 1H.

--

⑮
(rH)(sH) = rsH = sr H = s H = SH

(srH)(sr() = (Sr)(sr)( = Ss = sH = 1H = H



⑭
Since

(wH) (wH) = r2H = H

We know that

(H)= rH

Since

(SH)(sH) = s H = 1 H = H

we know that

(SH) -= H .

T⑪ (sH((sH) = s H =Hitity
Hetts

It has order 1 So
,

sh has order 2

-
see partentity ⑪rHFH ↓ srHFH L

(rH((wH) = H = H (sr()(srH) = srsrH = H

identity

-
has order also,

soft has order



⑪
From (d) there are no elements

of Ds/A that have order 4.

So no element will generate

all of Ps/H = CH ,
rH

,
sH ,

sol]

us, Do/it is not cyclic



④
# G = 2 X *

s

= [(0,
0)

,
10

,
i)

,
10 ,

2)
, (Ts) ,

(i,i),
( T ,z) ,

(2,
5)

,
(2, T1

, (2
,:13

H = <(.

i) = E(, ) , (,i) ,
10 ,21]

colets0,
) ,

(i), (2) = (T)+H = (,) + H

(T,
01 + H = [(T,

5) , (T,i) , (Tizl] = GitH = (T,
2) + H

(20) + H = &(2 ,
)

,
(2,

i) , (iii) = ( ,
TtH = (2 ,

2) + H

5

/H = &( ,
) + H

,
(T ,) + H

,
(201 + H)

~identity element is (, +H

mod 3

⑯ -

(i ,
=1 + H] + ((i ,i+ H) = (2 ,

5) + H = (2 ,
1+ H

[si) + H] + ((2 ,
i) + H) = (2)+ H =

( ,
i) + H

#(a)



⑭
Note that

(Tz) + H = (T, ) +Hpart (a)

So we can instead find the inverse of (TtH .

We have that :

(T,
) + H] + ((z,01 + H) = (5 ,

j) + H = (0 ,
) + H

↑-mod3

Thus
,

the inverse of (T ,
2) + H = ( T

,
) + H

is (I
,
%) + H .

-

Now let's look at (2 ,
2) + H ·

From part (a) we get

(2 ,
2) + H = (2) + H

And above we found that the inverse

(2,
01 + H is (i

,
) + H .



⑮
C+It is the identity so it has order

1
.

-
Y these are not

(T,) + H the identity

(T ,
)+ H) + ((T ,

j) + H) = (2 ,) + H

[,+ H) + ((,) + H) + ((i ,
i) + H) = (5, ) + H = (0 ,

) + H

#His the identity so
it has order

ot the

(2 ,%) + H 3 identity

(ii)+ H) + ((0 ) + H) = (7 ,) + H = (i) + H

(201 + H) + ((, ) + H) + ((j0) + H) = (5, ) + H = (0 ,
) + H

+It is the identity so
it has order 3

-

F



⑪ G/H = &(,01 + H
, (T

,
j) + H

,
(2, 1 + H}

Thus
,

Gll has size 3.

The generators are the elements of

order 5
.

There are two of them :

both of these

(T ,
j) + H 3 generate G/H

(2 ,
%) + H

So
,

G/H is cyclic



⑮) Let e be the identity element of G
.

(8) Suppose that alt = bH .

Since HEG we know that eEH .

Thus,
a =

aefal. recall thatEdxh(heH)
Since alt = bl and a falt

we know that ablt.

-

(*) Suppose that a EbH .

Thus ,
a= bl where hel.

Let's show that alt = bH .

First we show that atEbH.

Letcealt.
Then ,

c = ah ,
where hlt

Thus,
c = ah

,
= bhh ,

= b()EbH
this is in H

Hence CEbH. because HEG
and so It is closed

Therefore ,
a
labH. under the group operation

Now we show that bHealt.

Let debH.

Then , d = bha where halt,



So ,

d = bhc = ahhz = a(hhz)(aH
use

m
↑

hi-H since helt and H = G
a = bh

gives& Stah = b

since HEG

Thus ,
deaH

So
,

bHealt .

Since altbH and bHEaH we

know that alt = bH.

othe Just use part (a)

/

We have that

alt = bH 7 from part (a)

iff a EbHs since
=bl = Ebh/hCH3

iff a = bh for some
heH

#
-



⑮
Define f : Healt by f(h) = ah.

Let's show that f is one-to-one and onto .

# isone-tohas
Suppose

Then, ah , = ahz

So ,
ah=

aaha.

Thus ,
h

,
= ha

Hence f is one-to-one.

Fisunt alt.
Then ,

X = ah for some
helt.

And f(h) = ah = X

Thus,
+ is unto.

Since f is one-to-one and onto

we know thatIt and all

have the same size.

~
Matis , (H) = (alt)·



⑳ Let 16 = pq where p anda are primes .

Let HEG.

By Lagranges theorem we know that

IH) divides 161 .

&
Thus ,

IH) = 1
, p , q ,

00 pq ·

E sideare
primes

Since H * G we know (HIPA-

Thus,
IH1 = 1

, p ,
or 9.

If IHl = 1
,

then H = Seb ·

Then H = (e) is cyclic

If IHl = p ,
then by a

theorem

from class since p
is prime

we
must have

that It is cyclic

If IHl = g ,
then by a

theorem

from class sincea
is prime

we
must have

that It is cyclic

In all three
cases we have that

#
It is cyclic
-



⑰ Let (G) = n.

Suppose that XEG .

Consider the subgrove

H = <x]

generated by X .

Recall from class
that the order of

&

x is kx)) = (H) ·

By Lagrange's theorem ,
IHI divides 161 .

Thus ,
n =

1H).k for some
integer

les

Hence,

x
" = x(Hk = (x ()) =

e = e

-
IHIis the

order[
Thus ,

X" = e #

-



⑪ Suppose G is abelian

Let X
, ye G/H·

Then ,
X = alt and y = bH for some a beG.

So,

xy = (aH)(bH) = (ab(H = (ba)( = (bH)(a() = yx

↑in
Hence xy

= y X

#

#, GH is abelian

2def of G/H operation

⑯ L
Since (aH)(H) = aaH = eH = H

E identity
element

we know that CaH)" = all ⑭of



⑮ of(H)
Let REI. S
If k = 0

,
then (alt)" = eH = a'H

If ky 1
,

then

(aH)=(aH)=

-/H
operation

If RE-1 ,
then

S

laH" = I H
- It i

]P

= (aH)(a() --. (H)
-

- ↳ times

= (a-
- " H

= a H .

We have show that latl= adH for

l
the cases of h.



# Let G be cyclic

Then ,

G = (g) for some get
.

Let's show that glt generates G/H-

Let Xe G/H.

Then x = att for some
at G

Since
atG and G = <g) we have

that a = gh for some
keX.

Therefore ,

x = a( = gkH = (g()k
↑
⑪(

Hence , G/H = (gH).

-G/A
is cyclic. #



⑪ Suppose that H*G and K * G.

We showed that HlK & G is HW2 .

So we just have to show that HlK

is normal ,

Let get and atHRk.

We need to show that gag' Hel)
Since at Alk we know that FiLet

at H and atk. Then
N is normal

Since ge G and neH and I iff

It is normal we
know gng' E N

for all

that gag'elt. nEN

Since get and nek and L
It is normal we

know

that gag' K.

Thus
,

gag"HRK.

~
Meretre ,

Hak * G.



D p : G
,
+ G2 is a homomorphism .

Let e
,

and es be the identity elements of

G
,

and G2 respectively.
-

Recall that

her(q) = Ex(x = G
,

andq(x) = e)

From HW4 we know that

her(e) is a subgroup of 6
,

Let's show that ker(p) is normal
.

w
Let H = ker(a) .

From class'

Let gEG and hel. . I Let HEG.

Then :

We need to show that ghgtH.
H is normal
iff

Since helt and H =
kersel ghg'H

we know that g(h) = ez Eand

Thus , Wois a homomorphism gEG
S

q(g4g) = p(y)g(h)q(y-
-alayla
= q(y)p(g

- )

= 4(99))



#
=
= 22

Thus
, q(ghg) = e

.

So , ghgker(g).

Hence Ker(g) * G
,

#
-



⑪ Let HEG and G be finite.

From class,
to show that H& G we

can show that gig"= H for

all geG where

gltg"= Eghg" /heH]

Let geG .

Let's show that gitg" = H
.

Define C : H- > G by 4(h) = ghs !
S

because
Note thatGg is a homomorphism

Py(hiha) = ghinzgt
= gh , g'ghagt
= Yg(h ,)9g(hz) .

Note that

im(g) = [4g(h)(h = H}

=Eghg" (h- H)



= gHg

Also note that Gg is one-to-one because

if eg(al = 4g(b) then gag gbs

and so g"(gagi)g = g (gbg]g

which gives a = b.

Also recall from Hw4/class
that

im (4) G.

Thus , gHg G.

SinceG is one-to-one
we get that

(H) = /im (4g)) = 19Hg .

Since I is the only subgroup
of G of

size IHI and gHg-G we

know that H = gltg

His
normal . T


